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Abstract— In this paper we obtain a number of [70,35,12] 
singly even self-dual codes as a quasi-cyclic codes with m=2 
(tailbitting convolutional codes). One of them is the first known 
code with parameters Beta=140 Gamma=0. All codes are not 
pure double circulant i.e. could not be represented in systematic 
form. 
Keywords—convolutional encoding, quasi-cyclic codes weight 
enumeratorg, double circulant 
I.  INTRODUCTION  
A linear binary code  , ,C n k d is a subspace of 2nF  of 
dimension k . The 2F  is a field of two elements: 1,0, where 
the summation is a logical XOR and multiplication is a logical 
AND. The codeword weight d  is a minimal number of non-
zero component in any codeword of code C . The quasi-cyclic 
code is a code for which every cyclic shift of a codeword by m  
symbols yields another valid codeword, where 1m  . The 
quasi-cyclic code of 1R m  consists of m  circulants. A 
circulant is a square matrix where the next row is obtained by 
one element cyclically shifting to the right the previous row. 
The cyclically shifting to the left will result an inverse 
circulant. The tailbitting convolutional code of 1 2R   is a 
quasi-cyclic code with 2m  , where the columns of the 
circulants mixed to form a compact mixed polynomial string. 
The mixed polynomial string is a non-zero part of the generator 
matrix row. Self dual codes are a powerful class of codes. Self-
dual code C  is a code with coding rate 1 2R  , where the 
inner product of any two rows in a generator matrix G  gives 0. 
In other words: C C  , where C  is a dual code. All 
codeword's of binary self-dual code has even weight. If all 
codewords weights  0 mod 4  the code is called doubly 
even, if all codewords weights  2 mod 4  the code is called 
singly even. The code is called extremal if the minimum 
weight of the codeword meets the following bond: 
4 24 6d n     if  22 mod 24n   and 4 24 4d n     
otherwise [5, 6]. We refer the reader to [7] for details. 
Let us consider the convolutional codes and its taps are 
described by the polynomials (Type 0A  [1]). In this case the 
generator matrix is obtained for example by cyclically shift of 
the mixed polynomial string 
 0 0 1 1 1 1, , , , , , ,0,0, 0K Kp q p q p q    with step 2 or use 
another form of generator matrix |G P Q  , , where P and 
Q are circulants k k  with top row  0 1 1, , , ,0,0, 0Kp p p    
and  0 1 1, , , ,0,0, 0Kq q q    respectively. When one circulant 
is an identity matrix I  the construction |G I F   is called 
pure double circulant [4]. The connection between quasi-cyclic 
and pure double circulant is established by theorem 1.3 from 
[1]. The code C generated by |G P Q   can also be 
generated by |G I F  , where F  is a circulant, iff 
 ( ), 1 1kgcd p x x   . In such case the connection is 
       mod 1kq x p x f x x  . 
 The theorem 1.1 from [1] established that 
       | deg gcd , , 1krank P Q k p x q x x    in other 
words to avoid zero-weight codeword must satisfy 
    , , 1 1kgcd p x q x x   .  
The possible weight enumerators defined in [10] are 
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The singly even self-dual [70,35,12] code with parameters 
416, 1    was found in [10].  
The singly even self-dual [70,35,12] codes with parameters 
γ = 0 and β=1012, 460,414, 368, 322, 276, 230, 184, and 138 
are known from [12].  
The singly even self-dual [70,35,12] codes with parameters 
β=230, 240, 250, 260, 270, 280, 290, 300, 310, 320, 330, 340, 
350, 360, 370, 380, 390, 400, 410, 420, 430, 440, 450, 460, 
470, 480, 490, 500, 510, 520, 530, 540 are known from [13]. 
The singly even self-dual [70,35,12] codes:  
with weight enumerator 70,1W  and parameters: γ = 0, β = 
112, 134, 156, 178, 200, 222, 244, 266, 288, 310, 332, 354, 
376, 398, 420, 442, 464, 486, 508, 530, 552, 574, 596, 618; γ = 
11, β = 618, 640, 662, 684 and 706; γ = 22, β = 684, 750, 772, 
794; 
with 70,1W , γ = 0, β = 88, 110, 132, 154, 176, 198, 220, 242, 
264, 286, 308, 330, 352,374, 396, 418, 440, 462, 484, 506, 
528; 
with weight enumerator 70,2W  for β = 204, 226, 226, 248, 
270, 270, 292, 314, 314, 336, 358, 358, 380, 402, 402, 424, 
446, 468, 490, 490, 512, 534, 534, 556, 578, 600, 622, 644, 
666, 798, 842 are known from [11]. 
The singly even self-dual [70,35,12] codes with weight 
enumerator 70,1W  and parameters γ = 0 and β = 102, 136, 170, 
204, 238, 272, 306, 340, 374, 408, 442, 476, 510, 544, 578, 612 
are known from [8]. 
All of these codes are not quasi-cyclic. As it was stated in 
[14] by exhaustive search there are no pure double circulant 
construction for singly even [70,35,12] self-dual codes. 
In this paper we are able to find    ,p x q x  such that 
 ( ), 1 1kgcd p x x   ,  ( ), 1 1kgcd q x x    but 
    , , 1 1kgcd p x q x x   . This polynomials are used for 
generation a valid [70,35,12] singly even self-dual codes. 
II. CODE CONSTRUCTION 
Let us consider the generator matrix produced by two 
circulants: the forward and the inverse with the same first row. 
It is easy to see that the resulting code will be self-dual. The 
standard inner product between the first and second row in the 
first circulant will be: 0 1 0 2 1 1k k ka x x x x x x x x       and 
in the inverse circulant the result will be 
0 1 1 2 1 0inv k k ka x x x x x x x x     . The inva a  and the 
resulting sum will be 0 . This is true for any possible shifts. So, 
the polynomial pair 1 0 1 2 1[ , , , , ]KP p p p p    and 
2 1 2 0[ , , , ]K KP p p p    could be used for convolutional self-
dual code generation. Further we will point out only the first 
polynomial. The second one will be obtained by inverse the 
first. 
Let us note, that 35 1x   has two divisors: 3 2 1x x   and 
3 1x x  . In such case if   35 3 21 , 1 1gsd P x x x x     
then   35 32 , 1 1gsd P x x x x     due to symmetry and 
    1 2, , 1 1kgcd P x P x x   . We provide the exhaustive 
search for polynomials that satisfy the given conditions.  
III. MAIN RESULT 
We have obtained several codes with minimal weight 
codeword 12d  . All of codes have weight enumerator 70,1W  
and 0  . These codes are listed below. 
TABLE I.  CODE CONSTRUCTION 
Parameters 
Beta  
P K Number of 
ones 
140 11111101101 11 9 
350 111011000101 12 7 
420 111010000111 12 7 
Parameters 
Beta  
P K Number of 
ones 
140 
1110100011001 
1100000111101 
13 7 
280 1110010001101 13 7 
350 1100111010001 13 7 
420 1100011101001 13 7 
140 1110111010011 13 7 
280 1110110010111 13 9 
350 
1111011100101 
1111011010101 
13 9 
140 11110001001001 14 7 
280 11001110100001 14 7 
350 
11110010010001 
11101011000001 
11100101010001 
11100010101001 
11011010000101 
11001011001001 
10110101010001 
14 7 
420 
11010010110001 
10110111000001 
14 7 
280 
11110101011001 
11101111100001 
14 9 
350 
11110011100011 
11100011101011 
11100001111011 
11011111000011 
14 9 
420 10111111001001 14 9 
140 
110011100001001 
110011010001001 
15 7 
280 110101000010011 15 7 
350 
110101000001101 
110100011100001 
110010111000001 
110000111100001 
101110000001101 
101100100100101 
101100001101001 
15 7 
420 
111010001000101 
111000100100101 
110100101000101 
15 7 
140 
111100101100101 
111010011100011 
111000111101001 
111000111010011 
15 9 
280 
111001011000111 
110111010011001 
15 9 
350 
111011001011001 
110111010001101 
110110011010101 
110101011011001 
15 9 
420 
111110010101001 
111100011010011 
111100001100111 
111001011101001 
110110010011101 
110101100110101 
15 9 
140 
1110000000101011 
1101000110010001 
1101000001100101 
16 7 
280 
1110010100010001 
1101010010001001 
16 7 
Parameters 
Beta  
P K Number of 
ones 
1101000000111001 
1100011010000101 
1100000101101001 
350 
1111100000010001 
1111001000000101 
1110001000100101 
1110000010010011 
1101100110000001 
1101100001010001 
1101010001000011 
1100001101000011 
1010101010010001 
1010100101100001 
16 7 
420 1110001010000011 16 7 
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Fig. 1. The generator matrix G of self-dual tailbitting convolutional code for 
n=70, k=35, P1=(11111101101)2, P2=(10110111111)2 (inverse) with 
140, 0    
The mixed polynomial string (non-zero part of the first row) is 
q=[1,1,1 ,0,1,1,1,1,1,0,1,1 ,0,1,1,1,1,1,0 ,1,1 ,1] . The 
odd positions are occupied by 1 [11111101101]P   and the 
even positions are occupied by 2 [10110111111]P  . 
IV. CONCLUSION 
We have obtained quasi-cyclic codes with m=2 with weight 
enumerator 70,1W  0   and 140, 280,350,420  . The 
codes with 140   are the first known codes with these 
parameters. 
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